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2.1.11

Explain why the set of all polynomials in R5[t] with integer coefficients is or is not a vector space.

2.1.12

Let X be an arbitrary set. Is the set of all integer-valued functions on X a vector space? What about the set of
all real-valued functions on X? Complex-valued functions on X7

2.1.15

The axioms for a vector space demand the existence of an additive identity, but do not explicitly demand
uniqueness. Prove that a vector space cannot have more than one additive identity.

2.3.10

Let V be the subspace of Ms o consisting of symmetric matrices (A = AT). What is the dimension of V? Find
a basis for V.

2.3.11

If L is an isomorphism from V to W, show that L' is well defined and is an isomorphism from W to V.

2.3.12

If V1 and V5 are isomorphic, and V5 and V3 are isomorphic, show that V; and V3 are isomorphic.

2.4.9

In Ry[t], let by(t) =2+t +1,by(t) = t? + 3t + 2, b3(t) = t2 + 2t + 1, and v(t) = 3t> — 2t + 5. Let € = {1,¢,1%}
be the standard basis. Find Pz, Ppe and [v]g.

2.4.12

. 2 1 1 2 11 11 5 6
In Ms 3, let £ be the standard basis, and let D = {(1 1) , (1 1) , (2 1) , (1 2) } Let v = (5 4>.

Find PDg, PgD, [V]D and [V]g.

2.5.3
Show that M3 3, the space of 3 x 3 real matrices, is the direct sum of the subspace of symmetric matrices
(AT = A), and the subspace of antisymmetric matrices (AT = —A). What are the dimensions of these subspaces?

What is the dimension of M3 37?



2.5.4

Let A= . In the decomposition of exercise 2.5.3, what is Py A? P, A?

N &~ =
oo Ot N
o O W

Tentamen 2020-04-16, uppgift 5a

Lat V vara ett dndligtdimensionellt vektorrum. Vad innebér det att V' &r en inre direkt summa av tva delrum
V1 och V57

Egen uppgift
Vi minns fran analysen att C! betyder kontinuerligt deriverbar.
(a) L&t V vara mingden av alla Cl-kurvor i planet:
V = {y | v ér en funktion R — R? och v ar C'}.

Summan 1 + v2 av y1,7v2 € V definieras enligt
(71 +72)(t) = 1(t) +72(),
och skalningen ¢y av v € V med en skalér ¢ € R definieras enligt
(eN(t) = c- ().
Visa att V tillsammans med dessa operationer utgor ett vektorrum 6ver R.
(b) Fér varje p = (z,y) € R?, definiera en delméngd V,, C V enligt

Vo ={7 €V [1(0) =p}.

For vilka p &r V), ett delrum till V7

(¢c) Ar V #ndligtdimensionellt? Ge exempel pa ett tvadimensionellt delrum W C V, tillsammans med en bas
for W.

(d) Visa att V 22 V(g o) @ R? (som yttre direkt summa).
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2.5.7

Let V = R[t], and let W be the subspace consisting of all polynomials divisible by (¢ — 1)2. Show that W is a
subspace of V' and that V/W is 2-dimensional, and exhibit a basis for V/W. [A point in V/W is the set of all
polynomials that have a specified value and derivative at ¢t = 1.]

2.5.8

Let V = RJ[t], let p be a fixed polynomial of degree n, and let W be all polynomials divisible by p. Show that
V/W is an n-dimensional vector space and exhibit a basis for V/W.

3.1.16, 3.1.17

Representing points in Euclidean R3 as 3-vectors (x,y,2)T, find 3 x 3 matrices that represent the following
motions, and compare the results with each other:

e Rotation by an angle 7/3 about the z-axis followed by rotation by an angle 7/2 about the z-axis.

e Rotation by an angle 7/2 about the z-axis followed by rotation by an angle w/3 about the z-axis.

3.2.7, 3.2.8, 3.2.9

e On Ry[t], let (T1p)(t) = p(t — 1). Find the matrix of T7.

e More generally, for each value of a, let (T,p)(t) = p(t — a). Compute the matrix of T, acting on Ro[t].
What is the matrix of 7}, 17

e Compute the matrix of T, acting on R4[t]. Where have you seen this pattern before? Can you guess what
the matrix of T, acting on R, [t] looks like?

3.3.6
On M., 1et8:{<(1) ?)(é _01)@ (1))(_01 é)}.Let L(A) = (A + AT)/2. Find [L]s5.

3.4.1, 3.4.2, 3.4.3, 3.4.4

The following exercises are all about R[t] with the standard basis € = {1,¢,t2,...}, which is our simplest example
of an infinite dimensional vector space.

Let Ly f(t) = tf(¢). Find the matrix of L;.

Let Lgf(t)

Let A; be the matrix of L, and let Ay be the matrix of Ly. Compute A;As and AsA;. How do these
compare to the matrices of L1 o Ly and Ly o Ly7

(f(t) — f(0))/t. Find the matrix of Ls.

Let Lsf(t) = fot f(@)dt'. Find the matrix of Lz. What is the matrix of d/dt times the matrix of L3?
What is the matrix of L3 times the matrix of d/dt? How does this jibe with the idea that integration and
differentiation are inverse operations?



3.4.7

An infinite matrix A is said to be Hilbert-Schmidt if the double sum sz‘ﬂ |Aij|? converges. Show that if A is
Hilbert-Schmidt, then the traces of AT A and AAT are well defined, and Tr(AT A) = Tr(AAT).

3.5.5, 3.5.6

e Let L be the operator on M5 given by L(A) = A+ AT. Find bases for ker(L) and im(L). What is the
rank of L?

e Repeat this for 3 x 3 matrices. Can you generalize your results to n X n matrices?

3.5.10

Let C*°(R) denote the space of infinitely differentiable functions on the real line. Let L = d?/dt* + 3d/dt + 2
be an operator on C*°(R). Find a basis for ker(L).

Tentamen 2018-04-05, uppgift 2

Lat V = Pj5 vara polynom i z av grad hogst 5 med komplexa koefficienter. Definiera produkten av polynom i V'
som den vanliga produkten, men dér vi bortser fran termer som har grad 6 eller hogre i produkten. Operatorn
L :V — V definieras av multiplikation med polynomet z° — % + 3.

(a) Bestdm en bas for kdrnan ker(L).

(b) Bestidm en bas f6r bildrummet im(L).

Tentamen 2019-01-09, uppgift 1

Lat V = CJ[z] vara vektorrummet av polynom med komplexa koefficienter. Definiera L : V' — V genom
L(p(z)) = [*_p(t)dt for alla p(z) € V. Visa att L &r linjir och bestéim en bas for kirnan ker(L) och en bas for
bildrummet im(L).

Tentamen 2019-04-17, uppgift 4

(a) Definiera begreppet inre direkt summa av delrum.

(b) Visa att om W &r ett delrum av V' sa finns ett delrum U sa att U @ W =V som en inre direkt summa i
fallet da dim V' < oo.

(c) Visa att om V =U @ W som inre direkt summa av delrum sa &r V/U 2 W.

Egen uppgift

Betrakta vektorrummet! V(o) som bestar av alla C'-kurvor v : R — R? som uppfyller 4(0) = (0,0), och
definiera en delméngd W C V(g ) genom

W = {7y € Vio,0) | 7/(0) = (0,0)}.
(a) Visa att W ér ett delrum till V(g ).
(b) Visa att kvotrummet V(g )/W &r isomorft med R

(c) Fixera en C'-funktion f : R? — R, och definiera en avbildning Ly : V9,0 = R genom
o)

(d) Forklara varfor detta betyder att Ly ger upphov till en linjér avbildning L 7 Vio,o)/W —R.

L= (Fo ) (= ZU60)

Visa att Ly dr linjar och att W C ker(Ly)

1Vektorrumsoperationerna ar punktvis addition och skalning, som beskrevs pa forra évningen.
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Egen uppgift

Lat V vara ett m-dimensionellt vektorrum &ver C, for nagot heltal n > 0. Antag att J : V. — V &r en
linjér operator som uppfyller J? = —1I, diir I : V — V &r identitetsavbildningen. Med andra ord, antag att
J(J(v)) = —v for allav e V.

(a) Visa att im(—iI + J) C ker(il + J).
(b) Visa att J &r diagonaliserbar.

Eftersom reella tal ocksa riiknas som komplexa tal kan V' ocksa betraktas som ett vektorrum over R. For
tydlighetens skull kallar vi detta! reella vektorrum fér Vg, och vi kallar J fér Jg nér den betraktas som en linjir
operator Vg — Vg pa ett reellt vektorrum.

(c) Ar Jg diagonaliserbar?

(d) Antag nu att det finns ett (reellt) n-dimensionellt delrum W C Vg sadant att Jg(W) € W, och sadant
att W, betraktat som en delmingd? av det komplexa vektorrummet V', spinner upp V.

Bestdm under detta antagande det karakteristiska polynomet for J.

INotera att Vi har samma underliggande méngd som V, men skaldrmultiplikationen &r begrinsad till reella skalirer.
2Notera att W inte behover vara ett (komplext) delrum till V. Faktum &r att antagandena vi gér medfor att det inte kan vara
det.



